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w.L1::. :[miiar statements for expctations. S :ce .i . -

trary and the secuences of ran- m vcriables s-+i T

-(s)) and s ("(T(F )) are uniformly inteprable fcr >

say, with expectations cor,,r1,7 tc , and sinc ,bv,,,'

4-l

-s ( (R )) - 0 a.s.

the Proposition is proved.

The functions S(.,-) of greatest interest to iv; w; ,.

those which are iton-increasivg in their first .i '.,nt .L .

Sor without this extra assumption, we restrict further ,it t,,W i,,i

to The following subclasses of examples.

,C Proportional 7:aard models. If S(z,t) exp[-K(.), (t)]1

we see that te _-, toccurrence time T has con i tioii] ,,1n

hazard Q(Z n)A() given Fn I WA-th the factor n( u It

plying the hazard function A(1) of (whcre we lmr,

Q(0) : 1). Such models were first introdced i nt, fil I'..- I '

analysis by ('ox (1972).

6o Proportional time mo(deIc. Tf F(zt) ' (t/q(.<)), wh,:
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In case SO(.) has the Weihull form cxc ( -. ), t-r.

models io and 2o are completely equivalent, C I: i; we!l -n,.Ju.

In model 10, (*") says simply that su-{Q (z): 0 < z < ...

for each T < o. In model ,0, (") be.omes: jnl ,l(z)

> 0 For T < . Proposition . a_._plies crectl, t>,

whenever (') and ( h', ) hold and q(.z) q...(C, ) a .;

then its additional hypothesis with 'W(t) (tI...) f-.l ,w

However, the Proposition applie: to model o onl,, -or ve y

specid A().

3. Renewal theory for proportional time models. ,w.

(M) with S(z,t) H S0 (t/q(z)) as in 6c above, and let {W 1'

be the i.i.d. sequence given by W = T /o(1 ), co that
:. n n -

n
(3.1) n+l q(Z )W

Throughout the present section, we assume that q() I -

increasing. In what follows, we require the -iitori

(t) max{k: tk+l

T(t) - inf{Z,: > > , t

as well as the observation that the random var i i I ( )

stopping times with respect to the mamily of s-1-f 1,1

0 rit : ty,
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where we have assumed p=EW. ' o:v~ c

j: ( u) + " ] '

-(t q (Z-)) > qh we ie V.

Lemma 3.1. If (*) and (**) ho-l:, (* :rn.oi C

< 0, and 0 < u < ,

E(N(t)) N(u)) = :(T())

Our next lemma depends upon an idea alreatyusi

;cf of Proposition 2 .3, namely that a stochastic ordoc ,

;' .wh etween lifetimes T and i. i. d. lifetmes t

to a stochastic order relation between -i.) nridtl .tl <

i-ouit nF rcs soia7 ih {K

L"mma 3. 2 Uner the same hypothes as un t,

EM(Itt) -N (u)) I + -u (
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1 ,t q' (s .) < ~, an" tlher, exist,: i a1
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roof Y( : o -;x the seauence {tIcnir

Then (again using Wald's identity)

NI(t )+I +
* q2(?.) < q(t1)i-

By the re,)resentation (3.1), the-: ri3-ht-hand sid~e ft c +

q(t )wj (t... 1 t. Therefore

-; V < 1 + ~ q 2 (t + (.J-

wilere finitness2 of the smfollows fr or.mm

n-I
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(iv) Since 0

surely. Now fix arbitrarily smll £ > 0 1..

'ncreasing sequence .uch that :(r. + ( + ) (r.)

Then if we define k by r, < t <+ w .

D;' " < with r.,t

T ~ + +

whe-_ ' ,  q ( r ) > C > 7( r ) a. an I "

.heref=ore as r ,t 00, r4 t

J- 3 f

T(t) - T(r.) < U(1+6) q (s)d (s) + C.
<-) ]

ftD.. -

"ncc (t) - r]) .> and+ ) n therlaI r~ .I
Sq(s)d!!(s) +

(t) -s.d .n the me- Inin, v
""" ,'+ t~ri 5, much smaller than t, F'tc 4 1 C' e: l , v

Theorem "4(iv) is a direct extoden .thet

-hc)rem (which gives the same ,tatem-nt w1,hen q 1).Va
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nn!re generally) is

N(t), - t ds/q(s) I R(t)/u a. .. a ; .

:f" ( 3.2 )

n Rii (n) a. s. S! I . .n

4. Open problems. Directions for further researci. Therv r.

courer man 7 techn.ical imrovemen'S ssibe in the -ore)o i a

results. We list instead some *." e more ilmportant ,u -

related to our generalization of renewal theory wh;c, oni ,-

niques are so far completly unable to answer.

(A) In the models 1 and 2, under the hypotheses of Propo;;i L;.

., is there any reasonably general a--ymptotic ex,_ins ; ,.

ilit) - t/J"? Does the Renewal Theorem itself have a natur,>!

generalization?

(B) Do an," of the results of Section 3 have -inalc ".:es -

.rorortionai hazards models?

(C) Does Theorem 3.4 hold with the hpothesi: cf int',l

of q(-) weakened to: q(z) - 0 a, z

(D) In cases of very mild decrease for c(.) 'r' :r<cr,..: ,

-Q(-) in models 1, 2, are there an,, -ractical m, . -

culating or approximating EX'(t) for small or moit,, t2 . t?

The most interesting variants c the mode7; I w,h v. i t .

and which will be treated : i a ltr,' ' w, '.

":) in it:; entirety excent for t,. 5,') I el ,' mn i
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